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03 Harmonic morphisms between degenerate
semi-Riemannian manifolds
Alberto Pambira∗
Abstract
In this paper we generalize harmonic maps and morphisms to the degener-
ate semi-Riemannian category, in the case when the manifolds M and N are
stationary and the map φ : M → N is radical-preserving. We characterize
geometrically the notion of (generalized) horizontal (weak) conformality and
we obtain a characterization for (generalized) harmonic morphisms in terms of
(generalized) harmonic maps.
Key words: harmonic morphism, harmonic map, degenerate semi-Riemannian mani-
fold, stationary manifold.
1 Introduction and preliminaries
Harmonic morphisms between (non-degenerate semi-)Riemannian manifolds are maps
which preserve germs of harmonic functions. They are characterized in [7, 11, 8] as
the subclass of harmonic maps which are horizontally weakly conformal. An up-to-
date bibliography on this topic is given in [9]; see also [10] for a list of harmonic
morphisms and construction techniques, and [1] for a comprehensive account of the
topic.
However, when the manifold (M, g) is degenerate, then it fails, in general, to
have a torsion-free, metric-compatible connection; moreover, in this case, the notion
of ‘trace’, with respect to the metric g, does not make any sense, so that it is not
possible to define the ‘tension field’ of a map, or, consequently, the notion of harmonic
map, in the usual sense.
Degenerate manifolds arise naturally in the semi-Riemannian category: for ex-
ample the restriction of a non-degenerate metric to a degenerate submanifold is a
∗University of Leeds, LS2 9JT, School of Mathematics; e-mail: pambira@maths.leeds.ac.uk
1
degenerate metric and the Killing-Cartan form on a non-semi-simple Lie Group is a
degenerate metric.
Such manifolds are playing an increasingly important role in quantum theory and
string theory, as the action and field equations of particles and strings often do not
depend on the inverse metric and are well-defined even when the metric becomes
degenerate (cf. [3]). For example, an extension of Einstein’s gravitational theory
which contains degenerate metrics as possible solutions might lead to space-times
with no causal structure (cf. [2]).
In the mathematical literature, degenerate manifolds have been studied under
several names: singular Riemannian spaces ([13, 25, 23]), degenerate (pseudo- or
semi-Riemannian) manifolds ([4, 21, 12]), lightlike manifolds ([5]), isotropic spaces
([17, 18, 19, 20]), isotropic manifolds ([24]).
In this paper we define generalized harmonic maps and morphisms, characterize
(generalized) horizontally weakly conformal maps into four types (Theorem 2.11), and
give a Fuglede–Ishihara-type characterization for generalized harmonic morphisms
(Theorem 3.5). We refer the reader to [16] for further details.
In this section, we aim to introduce the necessary background on semi-Riemannian
geometry which will be used in the rest of the paper. We shall assume that all vector
spaces, manifolds etc. have finite dimension.
1.1 Algebraic background
Let V be a vector space of dimension m.
Definition 1.1. An inner product on V is a symmetric bilinear form 〈, 〉 = 〈, 〉V on
V . It is said to be non-degenerate (on V ) if 〈w,w′〉 = 0 for all w′ ∈ V implies w = 0,
otherwise it is called degenerate.
We shall refer to the pair (V, 〈, 〉) as an inner product space. Given two subspaces
W,W ′ ⊆ V , we shall often write W ⊥V W ′ to denote that W is orthogonal to W ′
(equivalently W ′ is orthogonal to W ) with respect to the inner product 〈, 〉V , i.e.
〈w,w′〉 = 0 for any w ∈ W and w′ ∈ W ′.
Let r, p, q ≥ 0 be integers and set (ǫ)ij := (ǫr,p,q)ij to be the diagonal matrix
(ǫ)ij = diag(0, . . . , 0︸ ︷︷ ︸
r−times
,−1, . . . ,−1︸ ︷︷ ︸
p−times
,+1, . . . ,+1︸ ︷︷ ︸
q−times
).
Given an inner product 〈, 〉 on V , there exists a basis {ei}, with i = 1, . . . , m = dimV ,
of V such that 〈ei, ei〉 = (ǫr,p,q)ij. We call such a basis orthonormal and the triple
(r, p, q) is called the signature of the inner product 〈, 〉.
2
Example 1.2. The standard m-Euclidean space Rmr,p,q of signature (r, p, q) is R
m en-
dowed with the inner product 〈, 〉r,p,q defined by 〈Ei, Ej〉r,p,q := (ǫr,p,q)ij; here {Ek}
m
k=1
is the canonical basis E1 = (1, 0, . . . , 0), . . . , Em = (0, . . . , 0, 1).
Definition 1.3. A subspace W of an inner product vector space (V, 〈, 〉) is called
degenerate (resp. null) if there exists a non-zero vector X ∈ W such that 〈X, Y 〉 = 0
for all Y ∈ W (resp. if, for all X, Y ∈ W , we have 〈X, Y 〉 = 0). Otherwise W is
called non-degenerate (resp. non-null).
Clearly if W 6= {0} is null then it is degenerate. Moreover W is degenerate if and
only if 〈, 〉|W is degenerate, but this does not necessarily mean that 〈, 〉 is degenerate
on V .
Given a vector space V , we define the radical of V (cf. [5], p.1, [12], p.3 or [15],
p.53), denoted by N (V ), to be the vector space:
N (V ) := V ⊥ = {X ∈ V : 〈X, Y 〉 = 0 for all Y ∈ V }.
We notice (cf. [15], p.49) that N (V ) is a null subspace of V . Moreover, V is
non-degenerate if and only if N (V ) = {0}, and V is null if and only if N (V ) = V .
Note that, for any subspace W of V ,
N (V ) ⊆W⊥. (1)
The following proposition generalizes two well-known facts of linear algebra (cf.
[15], chapter 2, Lemma 22).
Proposition 1.4. For any subspace W ⊆ V of an inner product space (V, 〈, 〉) we
have:
(i) dimW + dimW⊥ = dimV + dim(N (V ) ∩W );
(ii) (W⊥)⊥ = W +N (V ).
Proof. Let 0 ≤ t ≤ dimN (V ) be the integer t = dimN (V ) − dim
(
W ∩ N (V )
)
.
We can choose a basis {ei}
m
i=1 on V , ‘adapted’ to N (V ) and W , in the sense that
N (V ) = span(e1, . . . , edimN (V )) and W = span(et+1, . . . , et+dimW ); claim (i) follows
immediately.
To prove (ii) we note that
W +N (V ) ⊆ (W⊥)⊥.
From linear algebra (cf. [22], Theorem 1.9A) we have:
dim(W +N (V )) = dimW + dimN (V )− dim(W ∩ N (V ));
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on the other hand, by (i) we get:
dimW⊥ = dimV + dim(W ∩ N (V ))− dimW ;
on combining these and using (1) we obtain
dim(W⊥)⊥ = dim(W +N (V ));
claim (ii) follows.
Let W ⊆ V be a vector subspace of an inner product vector space (V, 〈, 〉V ) and
let W⊥V be its orthogonal complement in V with respect to 〈, 〉V . Denote by V , W
and W⊥V the spaces
V := V
/
N (V ), W := W
/
(N (V ) ∩W ), and W⊥V :=W⊥V
/
N (V ), (2)
having noted that, by (1), N (V ) ⊆ W⊥V . Let us also denote by 〈, 〉V the inner
product on V defined by
〈v, v′〉V := 〈v, v
′〉V (v, v
′ ∈ V ).
Note that this is well defined. For any subspace E ⊆ V , let E⊥V denote its orthogonal
complement in (V , 〈, 〉V ). Then we have the following
Proposition 1.5. For any vector subspace W ⊆ V we have the following canonical
isomorphism:
W ∼= (W⊥V )⊥V . (3)
Proof. Consider the composition
θ : W
i
→֒ V
piV→ V
/
N (V ) =: V ,
where i : W →֒ V is the inclusion map and πV : V → V is the natural projection.
We have
θ(W ) ⊆
(
W⊥V
/
N (V )
)⊥
V ;
in fact, let w ∈ W and w′ ∈ W⊥V and write θ(w) := w; then we have
0 = 〈w,w′〉V = 〈w,w
′〉V .
Next, note that ker θ = N (V ) ∩W . In fact for any w ∈ W , we have
θ(w) = 0 ⇐⇒ w = 0 ⇐⇒ w ∈ N (V ),
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and so the claim. Then θ factors to an injective map
θ : W := W
/
N (V ) ∩W −→
(
W⊥V
/
N (V )
)⊥
V =: (W⊥V )⊥V .
We show that this is an isomorphism, by calculating the dimension of the spaces
on either side of the equation (3). On the left-hand side we have
dimW = dimW − dim(N (V ) ∩W );
on the right-hand side, applying Proposition 1.4, we get
dimW⊥V = dimV + dim(N (V ) ∩W )− dimW,
so that
dimW⊥V = dimV + dim(N (V ) ∩W )− dimW − dimN (V )
and, applying once more Proposition 1.4,
dim(W⊥V )⊥V = dimV −
(
dimV + dim(N (V ) ∩W )− dimW − dimN (V )
)
= dimW − dim(N (V ) ∩W )
= dimW,
so that the map θ is an isomorphism, and the claim follows.
We shall use the Proposition above to identify W and (W⊥V )⊥V . Thus, any
subspace K ⊆ W will sometimes be considered as a subspace of (W⊥V )⊥V and vice
versa.
1.2 Background on semi-Riemannian geometry
Definition 1.6. Let r, p, q be three non-negative integers such that r+ p+ q = m. A
semi-Riemannian metric g of signature (r, p, q) on an m-dimensional smooth manifold
M is a smooth section of the symmetric square ⊙2T ∗M which defines an inner product
〈, 〉 on each tangent space of constant signature (r, p, q). A semi-Riemannian manifold
is a pair (M, g) where M is a smooth manifold and g is a semi-Riemannian metric
on M . When r > 0 (resp. r = 0, r < m, or r = m) (M, g) is called degenerate (resp.
non-degenerate, non-null, or null).
Let L denote the Lie derivative and let N = N (TM) := ∪x∈MN (TxM); N is
called the radical distribution on M .
Definition 1.7 ([12], Definition 3.1.3). A semi-Riemannian manifold (M, g) is
said to be stationary if LAg = 0 for any locally defined smooth section A ∈ Γ(N ).
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Such a manifold is also called a Reinhart manifold (cf. [5], p.49). The condition
that M be stationary is equivalent to N being a Killing distribution (i.e. all vector
fields in N are Killing). Trivially a non-degenerate manifold is stationary.
We introduce the following operator ([12], Definition 3.1.1):
Definition 1.8 (Koszul derivative). Let (M, g) be a semi-Riemannian manifold.
An operator D : Γ(TM)× Γ(TM)→ Γ(TM) is called a Koszul derivative on (M, g)
if, for any X, Y, Z ∈ Γ(TM), it satisfies the Koszul formula
2g(DXY, Z) = Xg(Y, Z) + Y g(Z, Y )− Zg(X, Y )
−g(X, [Y, Z]) + g(Y, [Z,X ]) + g(Z, [X, Y ]).
(4)
Remark 1.9. We note that, when g is non-degenerate, D is nothing but the Levi-
Civita connection, and it is uniquely determined by (4) (cf. [15], Theorem 11, p.61).
However, when g is degenerate, the Koszul derivative is only determined up to a
smooth section of the radical ofM , in the sense that, given any two Koszul derivatives
D,D′ on M and any two vector fields X, Y ∈ Γ(TM), we have DXY −D′XY ∈ Γ(N ).
We have the following fundamental lemma of degenerate semi-Riemannian geom-
etry:
Lemma 1.10 ([12], Lemma 3.1.2). Let (M, g) be a semi-Riemannian manifold.
Then (M, g) admits a Koszul derivative if and only if it is stationary.
For a later use, given an endomorphism σ ∈ Γ(End(TM)) of the tangent bundle
TM , we define its Koszul derivative by the Leibniz rule:
(Dσ)(Y ) := D(σ(Y ))− σ(DY ), (Y ∈ Γ(TM)). (5)
It is easy to see that given a Koszul derivative D on M , then
DXA ∈ Γ(N ) (X ∈ Γ(TM), A ∈ Γ(N )) (6)
In fact, for any Z ∈ Γ(TM) we have
g(DXA,Z) = X(g(A,Z))− g(A,DXZ) = 0, (X ∈ Γ(TM), A ∈ Γ(N )).
We have that:
Lemma 1.11 ([12], Lemma 3.1.4). If the manifold (M, g) is stationary then N is
integrable.
Proof. Let A,B ∈ Γ(N ) and let D be a Koszul derivative on M . Then, for any
V ∈ Γ(TM):
g([A,B], V ) = g(DAB, V )− g(DBA, V )
= A(g(B, V ))− g(B,DAV )− B(g(A, V )) + g(A,DBV ) = 0,
so that [A,B] ∈ Γ(N ).
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By the Frobenius Theorem, we obtain a foliation associated to N ; we shall call
this the radical foliation of M .
Let (M, g) be a stationary semi-Riemannian manifold of (constant) signature
(r, p, q), with r ≥ 0. Let E → M be a semi-Riemannian bundle (i.e. a bundle
whose fibres are semi-Euclidean spaces of (constant) signature (r, p, q)); by E (cf.
(2)) we shall denote the quotient
E := E
/
N (E) ≡ ∪x∈MEx
/
N (Ex),
Ex being the fibre of E over x ∈ M . In particular, we define the quotient tangent
bundle of M by TM := TM/N (TM); this is endowed with the non-degenerate metric
g(X, Y ) := g(X, Y ), (X, Y ∈ Γ(TM)) of signature (0, p, q). Let TM ∗ (= T ∗M) be
its dual bundle.
Definition 1.12. We shall call anE-valued 1-form σ ∈ Γ(T ∗M⊗E) radical-preserving
if, for each x ∈M ,
σx(N (TxM)) ⊆ N (Ex).
Denote by πTM : TM → TM and πE : E → E the natural projections. Then
there exists a linear bundle map σ ∈ Γ(T ∗M ⊗ E) such that the following diagram
commutes
TM
σ
−→ EypiTM ypiE
TM
σ
−→ E
if and only if σ is radical-preserving.
We shall say that a map φ : M → N is radical-preserving if its differential dφ ∈
Γ(T ∗M ⊗ φ−1TN) is radical-preserving.
We now state the fundamental theorem of singular semi-Riemannian geometry.
Theorem 1.13 ([12], Theorem 3.2.3). Let (M, g) be a semi-Riemannian manifold.
If (M, g) is stationary, then there exists a unique connection ∇ on (TM, g) which is
torsion-free in the sense that T
∇
(X, Y ) := ∇XY − ∇YX − [X, Y ] = 0
(
X, Y ∈
Γ(TM)
)
, and compatible with the metric g in the sense that ∇ g = 0; in fact ∇ is
given by:
∇XY := DXY
(
X ∈ Γ(TM), Y ∈ Γ(TM)
)
,
where D is any Koszul derivative on (M, g) and Y ∈ Γ(TM) has πTM(Y ) = Y .
Conversely, if there exists such a connection ∇, then (M, g) is stationary.
The connection ∇ is called the Koszul connection on (M, g). If (M, g) is non-
degenerate, then ∇ coincides with the usual Levi-Civita connection. Let us set
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E ≡ TM and let σ ∈ Γ(T ∗M ⊗ TM) be radical-preserving. We define the Koszul
connection on T ∗M ⊗ TM by the Leibniz rule
(∇Xσ)Y := ∇X(σ(Y ))− σ(∇XY ).
where X, Y ∈ Γ(TM) and ∇ is defined as in Theorem 1.13.
We note that the connection∇ is defined for (X, Y ) ∈ TM⊗TM , as is the operator
∇σ defined above. It does not, in general, factor to an operator on TM ⊗ TM .
However, if σ = dφ, i.e. if σ is the differential of a map φ : M → N , with φ radical-
preserving, we have the following fact. Let φ−1(TN) → M denote the pull-back of
the bundle TN → N , equivalently
φ−1(TN) := φ−1(TN)
/
φ−1(N (TN)).
Lemma 1.14. The operator B
φ
∈ Γ
(
⊗2 TM
∗
⊗ φ−1(TN)
)
defined by
B
φ
(X, Y ) ≡ (∇ dφ)(X, Y ) := (∇Xdφ)(Y ),
(
X, Y ∈ Γ(TM)
)
,
is well-defined, tensorial and symmetric.
We shall call the operator B
φ
the (generalized) second fundamental form of the
map φ.
2 Generalized harmonic maps and morphisms
Let φ : M → N be a (C1) radical-preserving map. We define the (generalized)
differential of φ (cf. Definition 1.12), dφ : TM → TN , to be the map
dφ(X) := dφ(X), for any X ∈ Γ(TM). (7)
We shall define the (generalized) divergence div (dφ) of dφ. Let {ei}mi=1 be any basis
of TM such that N (TM) = span(e1, . . . , er) and let V1 := span(er+1, . . . , em) be a
screen space, i.e. a subbundle of TM such that TM = N (TM) ⊕ V1; we shall call
such a basis a (local) radical basis for TM . Then
div (dφ) := trg(B
φ
) :=
m∑
a,b=r+1
gab
(
∇eadφ
)
eb ,
where gab := g(ea, eb). This is well defined and does not depend on the choice of the
local radical basis {ei}
m
i=1 on M .
We can now define the (generalized) tension field τ (φ) of a (C2) radical-preserving
map φ : M → N between stationary manifolds by:
τ (φ) := div (dφ).
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Definition 2.1. We shall say that a radical-preserving map φ : M → N between
stationary semi-Riemannian manifolds is (generalized) harmonic if its (generalized)
tension field τ(φ) is identically zero.
Note that this notion agrees with the usual notion of harmonicity when the man-
ifolds M and N are both non-degenerate.
If (x1, . . . , xm) and (y1, . . . , yn) are radical coordinates (i.e. coordinates whose tan-
gent vector fields form a radical basis) onM and N respectively (with rankN (TM) =
r and rankN (TN) = ρ), then, analogously to the non-degenerate case, the (general-
ized) tension field of φ can be locally expressed by (cf. [6])
τ γ(φ) =
n∑
α,β,γ=ρ+1
m∑
i,j,k=r+1
gij
(
φγij −
MΓ
k
ijφ
γ
k +
NΓ
γ
αβφ
α
i φ
β
j
)
, (8)
where φγk := ∂φ
γ/∂xk, and MΓ
k
ij ∂/∂x
k := ∇
M
∂/∂xi ∂/∂x
j , NΓ
γ
αβ ∂/∂y
γ := ∇
N
∂/∂yα ∂/∂y
β .
In particular, if N ≡ R, then τ reduces to what we shall call the (generalized) Laplace-
Beltrami operator ∆M and the radical-preserving functions f ∈ C∞(M) satisfying
∆Mf = 0 will be called (generalized) harmonic functions.
Example 2.2. If N = Rnρ,pi,σ then a map φ : (M, g)→ R
n
ρ,pi,σ is (generalized) harmonic
if and only if each component φα : (M, g) → R, α = 1, . . . , n, is a (generalized)
harmonic function.
Now we can state the following
Definition 2.3. We shall call a (C2) radical-preserving map φ : (M, g) → (N, h)
between semi-Riemannian manifolds a (generalized) harmonic morphism if, for any
(generalized) harmonic function f : V ⊆ N → R on an open subset V ⊆ N , with
φ−1(V ) non-empty, its pull-back φ∗f := f ◦φ is a (generalized) harmonic function on
M .
Note that the usual definition of harmonic morphism does not make sense for
degenerate manifolds since the trace and the Laplacian are not defined when the
metric is degenerate.
Let φ : M → N be a radical-preserving map between two semi-Riemannian man-
ifolds and dφx : TxM → Tφ(x)N its (generalized) differential at x ∈ M (cf. (7)); then
we define the (generalized) adjoint dφ
∗
φ(x) : Tφ(x)N → TxM of dφ as the adjoint of
dφx, i.e. the linear map characterized by
gx(dφ
∗
x(V ), X) = hφ(x)(V , dφx(X)) = hφ(x)(V, dφx(X)), (9)
for any V ∈ Tφ(x)N and X ∈ TxM .
We now generalize the notion of horizontal weak conformality.
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Definition 2.4. We shall call a radical-preserving map φ : (M, g)→ (N, h) between
two non-null semi-Riemannian manifoldsM and N (generalized) horizontally (weakly)
conformal (or, for brevity, (generalized) HWC ) at x ∈ M with square dilation Λ(x)
if
gx(dφ
∗
x(V ), dφ
∗
x(W )) = Λ(x) hφ(x)(V ,W ),
(
V ,W ∈ Tφ(x)N
)
. (10)
In particular, if Λ is identically equal to 1, we shall say that φ is a (generalized)
Riemannian submersion.
Remark 2.5. If both M and N are non-degenerate, then the above notion of (general-
ized) horizontal weak conformality coincides with the better-known one of horizontal
weak conformality.
Let (M, g) and (N, h) be stationary manifolds of signatures sign g = (r, p, q) and
sign h = (ρ, π, η), respectively, and let φ : M → N be a radical-preserving map (i.e.
a map whose differential dφx is radical-preserving for each x ∈M). As usual, for any
x ∈M , set Vx := ker dφx and Hx := V⊥x . We shall also set:
Vx := Vx/(N (TxM) ∩ Vx), Hx := Hx/N (TxM),
having noticed that, by equation (1), N (TxM) ⊆ Hx. We have the following
Lemma 2.6. Let φ : M → N be a radical-preserving map. Then, at any x ∈M , the
following identity holds:
image dφ
∗
x = Hx . (11)
Proof. For any x ∈M , it is easy to see that ker dφx = ker dφx. Then we have
image dφ
∗
x = (ker dφx)
⊥g = (Vx)
⊥g = Hx ,
the last equality following by Proposition 1.5.
We have the following special sort of generalized HWC maps
Lemma 2.7. Let φ : M → N be a radical-preserving map between non-null semi-
Riemannian manifolds. Then φ is (generalized) HWC at x ∈M with square dilation
Λ(x) = 0 if and only if
Hx ⊆ Vx , (12)
i.e. if and only if Hx is null.
Proof. By Definition 2.4, φ is (generalized) HWC with square dilation Λ(x) = 0 if
and only if
gx(dφ
∗
x(V ), dφ
∗
x(W )) = 0 (V,W ∈ Tφ(x)N).
By equation (11), this holds if and only if Hx is null, equivalently, bearing in mind
(11), equation (12) holds.
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We have the following characterization which generalizes a better-known charac-
terization of HWC maps (cf. [1]).
Proposition 2.8. A radical-preserving map φ : M → N between non-null semi-
Riemannian manifoldsM and N is (generalized) HWC at x ∈M with square dilation
Λ(x) if and only if
dφx ◦ dφ
∗
x = Λ(x) 1Tφ(x)N . (13)
Proof. From the characterization (9) of the adjoint map dφ
∗
x, we have
gx(dφ
∗
x(V ), dφ
∗
x(W )) = hφ(x)(V , dφx ◦ dφ
∗
x(W )), (V,W ∈ Tφ(x)N). (14)
Comparing with equation (10), gives the statement.
Proposition 2.9. If φ is (generalized) HWC, then Hx ⊆ Vx if and only if one of the
following holds:
(i) ker dφx ≡ TxM ;
(ii) ker dφx & TxM is degenerate.
Proof. In fact, if Hx ⊆ Vx and (i) does not hold, then Hx 6= {0}, so that there exists
a vector 0 6= X ∈ Hx and, for such a vector, g(X, V ) = 0 for any V ∈ Vx, so that
(ii) holds. Conversely if Vx := ker dφx ≡ TxM then clearly Hx ⊆ Vx. If, on the other
hand, ker dφx is degenerate, then since φ is (generalized) HWC, we get Λ(x) = 0; in
fact, ker dφx is degenerate if and only if Hx is degenerate if and only if Vx∩Hx 6= {0},
so that there exists a non-zero vector V ∈ Tφ(X)N such that
0 6= dφ
∗
x(V ) ∈ ker dφx ∩ image dφ
∗
x.
Combining this with the (generalized) HWC condition gives:
0 = g(dφ
∗
x(V ), dφ
∗
x(W )) = Λ(x) h(V ,W ) for any W ∈ Tφ(X)N,
and, as h is non-degenerate, we must have Λ(x) = 0. Then, from Lemma 2.7, Hx ⊆
Vx, and this gives the claim.
When the metrics g and h are both degenerate, the case (i) splits into the two
subcases:
(i’) ker dφx ≡ TxM , i.e. dφx = 0 or
(i”) dφx 6= 0 and dφx = 0, i.e. {0} 6= image(dφx) ⊆ N (Tφ(x)N).
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In the case when the square dilation is non-zero, we have the following character-
ization:
Proposition 2.10. A map φ : (M, g) → (N, h) between non-null semi-Riemannian
manifolds M and N is (generalized) HWC at x ∈ M with square dilation Λ(x) 6= 0 if
and only if
hφ(x)(dφx(X), dφx(Y )) = Λ(x) gx(X, Y ), (X, Y ∈ Hx). (15)
Proof. Suppose that φ is (generalized) HWC; then by Lemma 2.6 we have image(dφ
∗
x) =
Hx, so that for any X, Y ∈ Hx there exist vectors V and W ∈ Tφ(x)N such that
dφ
∗
x(V ) = X and dφ
∗
x(W ) = Y . (16)
Applying the operator dφx to both sides of the identities (16), and using equation
(13), since Λ(x) 6= 0 we obtain
V = (Λ(x))−1dφ(X) and W = (Λ(x))−1dφ(Y );
on substituting these into the definition of (generalized) HWC, we obtain the state-
ment. The converse is similar.
We thus obtain the following characterization for a (generalized) HWC map (cf.
[1] for the non-degenerate case):
Theorem 2.11. Let φ : M → N be a radical-preserving map between non-null semi-
Riemannian manifolds (M, g) and (N, h). Then φ is (generalized) HWC at x ∈ M ,
with square dilation Λ(x), if and only if precisely one of the following possibilities
holds:
(a) dφx = 0 (so Λ(x) = 0);
(b) dφx 6= 0 and image(dφx) ⊆ N (Tφ(x)N) (so Λ(x) = 0 and dφx = 0);
(c) Vx & TxM is degenerate and Hx ⊆ Vx (equivalently Hx is non-zero and null):
then Λ(x) = 0 but dφx 6= 0;
(d) Λ(x) 6= 0 and
hφ(x)(dφx(X), dφx(Y )) = Λ(x) gx(X, Y ) (X, Y ∈ Hx).
Proof. Let x ∈ M and suppose that φ is (generalized) HWC at x. If Λ(x) = 0 then
by Lemma 2.7 we have Hx ⊆ Vx, so by Proposition 2.9, either (i) ker dφx ≡ TxM or
(ii) ker dφx & TxM is degenerate; the possibility (i) holds if and only if either (a) or
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(b) holds, whereas (ii) occurs if and only if case (c) holds. Otherwise Λ(x) 6= 0, so
that by Proposition 2.10 we obtain case (d).
Conversely, if (a), (b) or (c) holds, then clearly φ is (generalized) HWC at x with
Λ(x) = 0. If (d) holds then, by Proposition 2.10, φ is (generalized) HWC at x with
square dilation Λ(x) 6= 0.
Thus the possibility of the metrics g and h being degenerate has given rise to
another type of point (case (b) ) which is not possible when M and N are non-
degenerate.
We have the following characterization of (generalized) horizontal weak confor-
mality whose proof is similar to its (non-degenerate semi-)Riemannian analogue (cf.
[1]):
Lemma 2.12. A radical-preserving map φ : (M, g) → (N, h) between stationary
manifolds is (generalized) horizontally weakly conformal at a point x ∈M with square
dilation Λ(x) if and only if, in radical coordinates {xj}mj=1 in a neighbourhood of x ∈M
and {yα}nα=1 around φ(x) ∈ N , we have
φαi φ
β
j g
ij = Λ(x) h
αβ
, (17)
where r + 1 ≤ i, j ≤ m, ρ + 1 ≤ α, β ≤ n and φγk := ∂φ
γ/∂xk. Moreover, setting
gradφα := gijφαi ∂/∂x
j , equation (17) above reads:
g(gradφα, gradφβ) = Λ(x) h
αβ
. (18)
3 A Fuglede–Ishihara-type characterization of (gen-
eralized) harmonic morphisms
3.1 Preliminaries
Recall (see [14]) that (i) a foliation F on a manifoldM is said to be simple if its leaves
are the (connected) fibres of a smooth submersion defined on M ; (ii) the leaf space
of a foliation F is the topological space M/F , equipped with the quotient topology.
We note that this space, in general, is not Hausdorff. However, the following
holds.
Proposition 3.1. A foliation F on M is simple if and only if its leaf space M/F can
be given the structure of a Hausdorff (smooth) manifold such that the natural projec-
tion M → M/F is a smooth submersion. Furthermore, if such a smooth structure
exists, then it is unique.
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Since each point x ∈ M has a neighbourhood W ⊆ M with F|W simple, F is
always simple locally. Hence, as all the considerations in this section will be local, by
replacing the manifold M by a suitable open subset W if necessary, we shall assume
that any foliation F on M is simple. We make the same assumption for N .
We recall (cf. Lemma 1.11) that, if a manifold M is stationary, then its radical
distribution N (TM) is integrable. Let FM be the radical foliation of M (i.e. the
foliation whose leaves are tangent to N (TM)); set M := M/FM , the leaf space of
N (TM), and denote by πM : M → M the natural projection; by Proposition 3.1,
M is a smooth manifold. Elements of M will be denoted by [x]FM := πM(x), where
x ∈ M . Then, any radical-preserving map φ : M → N between stationary manifolds
factors to a map φ : M → N in the sense that the following diagram commutes
M
φ
−→ NypiM ypiN
M
φ
−→ N
.
Thus φ([x]FM ) := [φ(x)]FN . For any [x] ∈ M , the map φ naturally induces a linear
operator (dφ)[x] : T[x]M → Tφ([x])N .
For each x ∈M define a following map
ΨMx : TxM → TpiM (x)M, X 7→ (dπM)x(X),
where X ∈ TxM is such that πTM(X) = X). It is easy to see that ΨMx is a well-defined
isomorphism, and that the following holds
Lemma 3.2. Let φ : M → N be a radical-preserving map between stationary mani-
folds; then, for any x ∈M ,
ΨNφ(x) ◦ dφx = (dφ)[x] ◦Ψ
M
x , (19)
equivalently, the following diagram commutes:
TxM
dφx−→ Tφ(x)NyΨMx yΨNφ(x)
T[x]M
(dφ)[x]
−→ Tφ([x])N
.
In particular, as the maps ΨMx and Ψ
N
φ(x) are isomorphisms, we can identify (dφ)x
with (dφ)[x].
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3.2 Horizontal weak conformality of φ
Let (M, g) be a non-null stationary semi-Riemannian manifold. Then we can endow
M with the induced metric gM defined by:
gM := ((ΨM)−1)∗g,
where g is defined by
g(X, Y ) := g(X, Y ) (X, Y ∈ Γ(TM)).
Note that the metric gM is non-degenerate.
The adjoint of dφ[x] : T[x]M → Tφ([x])N is the (unique) linear map (dφ)
∗
[x] :
Tφ([x])N → T[x]M characterized as usual by
gM[x]((dφ)
∗
[x](V˜ ), X˜) = h
N
φ([x])
(V˜ , dφ[x](X˜)), (X˜ ∈ Γ(T[x]M), V˜ ∈ Γ(Tφ([x])N)).
(20)
Setting X˜ = ΨM(X) and V˜ = ΨM(V ) for some X ∈ Γ(TM), V ∈ Γ(TN) and using
equation (19) we obtain:
(dφ)∗ ◦ΨN = ΨM ◦ dφ
∗
. (21)
Now we can state the
Proposition 3.3. Let φ : (M, g) → (N, h) be a radical-preserving map between sta-
tionary manifolds. Then φ is (generalized) HWC if and only if φ is HWC.
Proof. The map φ is HWC with square dilation Λ if and only if:
gM
(
(dφ)∗(V˜ ), (dφ)∗(W˜ )
)
= Λ hN(V˜ , W˜ ), (V˜ , W˜ ∈ Γ(T N)). (22)
Let V ,W ∈ Γ(TN) be such that:
V˜ = ΨN(V ), W˜ = ΨN(W ); (23)
then, on using substitutions (23), equation (21) and the definition of gM , we see that
(22) is equivalent to φ being (generalized) HWC.
3.3 On harmonicity of φ
Let (M, g) and (N, h) be two stationary manifolds of dimension m and n respectively,
whose radical distributions N (TM) and N (TN) have ranks r and ρ respectively.
Then the quotient manifolds (M, gM) and (N, hN) are (m−r)- and (n−ρ)-dimensional
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non-degenerate semi-Riemannian manifolds, thus they admit uniquely determined
Levi-Civita connections ∇M and ∇N , respectively.
As M and N are non-degenerate, we have the usual notion of tension field τ , for
a map φ : M → N :
τ(φ) := trgM (∇d φ), (24)
where ∇ is the connection on the bundle (T M)∗⊗ (φ)−1(T N) induced from ∇M and
∇N . Then φ is harmonic if and only if τ(φ) = 0. Endow (M, g) (resp. (N, h)) with
(local) radical coordinates (x1, . . . , xr, xr+1, . . . , xm) (resp. (y1, . . . , yρ, yρ+1, . . . , yn));
thenM (resp. N) has the same coordinates asM with the first r (resp. ρ) coordinates
omitted. In these coordinates, (24) reads:
τγ(φ) =
n∑
α,β,γ=ρ+1
m∑
i,j,k=r+1
(gM)ij(φ
γ
ij −
MΓkijφ
γ
k +
NΓγαβφ
α
i φ
β
j ),
where MΓkij∂/∂x
k := ∇M∂/∂xi∂/∂x
j and NΓγαβ∂/∂y
γ := ∇N∂/∂yα∂/∂y
β . Since the co-
ordinates are radical, we have φ
γ
= φγ (for γ = ρ + 1, . . . , n), and the Christoffel
symbols MΓkij and
NΓγαβ agree with the symbols
MΓ
k
ij and
NΓ
γ
αβ of formula (8) (for
r + 1 ≤ i, j, k ≤ m and ρ+ 1 ≤ α, β, γ ≤ n); hence, we have:
Proposition 3.4. Let φ : M → N be a radical-preserving map between stationary
manifolds. Then, on identifying TyN with TyN (y := πN(y)), τ(φ)x ∈ Tφ(x)N can
be identified with τ(φ)x ∈ Tφ(x)N ; in particular, φ is harmonic if and only if φ is
(generalized) harmonic.
3.4 Main characterization of (generalized) harmonic mor-
phisms and examples
Now we state the Fuglede–Ishihara-type characterization for (generalized) harmonic
morphisms:
Theorem 3.5. Let φ :M → N be a radical-preserving map between stationary man-
ifolds. Then φ is a (generalized) harmonic morphism if and only if it is (generalized)
harmonic and (generalized) HWC.
Proof. Any (generalized) harmonic function f : U ⊆ N → R is, by definition, radical-
preserving, and so factors to a smooth function f : πN(U) ⊆ N → R, with f = f ◦πN ;
this function f is harmonic, by Proposition 3.4. Conversely, if f : V ⊆ N → R
is harmonic, then f := f ◦ πN is (generalized) harmonic. Hence, the map φ is a
(generalized) harmonic morphism if and only if φ : M → N is a harmonic morphism.
By Fuglede’s Theorem (cf. [8], Theorem 3) this is equivalent to φ being harmonic
and HWC, then the claim follows from Propositions 3.4 and 3.3.
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Now we give few examples of (generalized) harmonic morphisms.
Example 3.6. Let φ be a (C2) map
φ : R31,1,1\{x
2 = x3} → R, (x1, x2, x3) 7→ φ(x1, x2, x3).
Clearly N (R31,1,1) = span(∂/∂x
1) and N (R) = {0}. Moreover we have dφ (∂/∂x1) =
∂φ/∂x1, so φ is radical-preserving if and only if ∂φ/∂x1 = 0. We notice that the
coordinates (x1, x2, x3) are radical. Identifying the vector fields ∂/∂x2 and ∂/∂x3 ∈
Γ(TR31,1,1) and ∂/∂t ∈ Γ(TR) with their natural projections in TR
3
1,1,1 and TR re-
spectively, a simple calculation gives the following expression for dφ
∗
:
dφ
∗
(
∂
∂t
)
= −
∂φ
∂x2
∂
∂x2
+
∂φ
∂x3
∂
∂x3
,
from which we get:〈
dφ
∗
(
∂
∂t
)
, dφ
∗
(
∂
∂t
)〉
TR31,1,1
= −
(
∂φ
∂x2
)2
+
(
∂φ
∂x3
)2
=: Λ. (25)
So φ is a (generalized) HWC with square dilation Λ.
Moreover φ is (generalized) harmonic if and only if
∂2φ
(∂x2)2
−
∂2φ
(∂x3)2
= 0
i.e. if and only if φ is of the form φ(x1, x2, x3) = µ(x2 + x3) + ν(x2 − x3), where
µ, ν ∈ C2(R). By Theorem 3.5, φ is a (generalized) harmonic morphism.
Example 3.7 (An anti-orthogonal multiplication). Identify R31,1,1 with the (as-
sociative) algebra
{x = ǫx1 + ηx2 + jx3, (x1, x2, x3) ∈ R3},
where ǫ, η and j satisfy the following relations:
ǫ2 = ǫη = ηǫ = ǫj = jǫ = 0, j2 = η2 = η, ηj = jη = j.
Given two elements x, y ∈ R31,1,1 we can define their product
θ : R31,1,1 × R
3
1,1,1 → R
2
0,1,1 ⊆ R
3
1,1,1, θ(x, y) = x · y,
as follows:
θ(x, y) = x · y
= (ǫx1 + ηx2 + jx3)(ǫy1 + ηy2 + jy3)
= ǫ · 0 + η(x2y2 + x3y3) + j(x2y3 + x3y2).
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For any x ∈ R31,1,1 we define the square norm ‖x‖
2
1,1,1 (induced from the metric on
R31,1,1) by:
‖x‖21,1,1 := −(x
2)2 + (x3)2.
Then ‖θ(x, y)‖21,1,1 = −‖x‖
2
1,1,1 · ‖y‖
2
1,1,1, so θ is an anti-orthogonal multiplication.
Take standard coordinates (x1, x2, x3, y1, y2, y3) in R31,1,1 × R
3
1,1,1, and (z
1, z2, z3)
in R31,1,1. They are radical coordinates. It is easy to see that:
N (R31,1,1 × R
3
1,1,1) := span
(
∂
∂x1
,
∂
∂y1
)
and
N (R31,1,1) := span
(
∂
∂z1
)
.
Moreover
dθ = (0, x2dy2 + y2dx2 + x3dy3 + y3dx3, x2dy3 + y3dx2 + x3dy2 + y2dx3),
so that θ is radical-preserving.
The components θi, i = 1, 2, 3 of θ are easily seen to be (generalized) harmonic,
so that θ is (generalized) harmonic.
In order to check the (generalized) horizontal weak conformality, we make use of
Lemma 2.12. So, in this case, θ is (generalized) HWC since
gij(θαi )(θ
β
j ) = Λh
αβ
,
where (gij) = diag(−1, 1,−1, 1) and (h
αβ
) = diag(−1, 1) and Λ = −
(
−(y2)2+(y3)2−
(x2)2 + (x3)2
)
= −(‖x‖21,1,1 + ‖y‖
2
1,1,1). Finally, applying Theorem 3.5, we see that θ
is a (generalized) harmonic morphism.
Example 3.8 (Radial projection). Let R31,1,1 be R
3 endowed with the degenerate
metric g = −(dx2)2 + (dx3)2, where (x1, x2, x3) are the canonical (and so radical)
coordinates on R3. We set:
(R31,1,1)
+ := (R3\{−(x2)2 + (x3)2 ≤ 0}, g).
We define the degenerate 2-pseudo-sphere S21,1,1 as the manifold:
S21,1,1 := {x ∈ R
3 : −(x2)2 + (x3)2 = 1},
endowed with the induced metric h := i∗g, where i : S21,1,1 →֒ R
3
1,1,1 is the natural
inclusion. We can then define the following map:
φ : (R31,1,1)
+ → S21,1,1 ⊆ R
3
1,1,1, x 7→ x/‖x‖,
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where ‖x‖ :=
√
−(x2)2 + (x3)2 is the norm with respect to the metric of R31,1,1. As
dimTxS21,1,1 = 1, φ is automatically (generalized) HWC. Set φ
α
i := ∂φ
α/∂xi (α =
1, 2, 3 and i = 1, 2). From Lemma 2.12, by parametrizing the upper half of S21,1,1 by
X = X(t, u) := (t, sinh u, cosh u) ⊆ R31,1,1, we find that, for x
2 6= 0,
Λ(x) = (φ22)
2 − (φ23)
2 =
1
(x3)2
(
1−
(
x2
‖x‖
)2)2
−
1
(x2)2
(
1−
(
x3
‖x‖
)2)2
.
and
ker dφx = span
(
x1(x3 − γx2)
‖x‖2
∂
∂x1
− γ
∂
∂x2
+
∂
∂x3
)
,
where
γ :=
(
1−
(
x3
‖x‖
)2)
x3
{(
1−
(
x2
‖x‖
)2)
x2
}−1
.
For x2 = 0 we have Λ(x) = 0 and
ker dφx = span
(
x1
x3
∂
∂x1
+
∂
∂x3
)
.
In this case, we have that image dφx ⊆ N (TS21,1,1) but dφx 6= 0, i.e. we have case (b)
of Theorem 2.11.
As we have
∂2u
(∂x2)2
=
∂2u
(∂x3)2
=
2x2x3
‖x‖4
,
then
τ(φ) = −
∂2u
(∂x2)2
+
∂2u
(∂x3)2
= 0
so that φ is (generalized) harmonic. By Theorem 3.5, the map φ is a (generalized)
harmonic morphism.
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